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Abstract 

 

A mooring located on the shelf break of northern South China Sea (SCS) 

measured temperature and current velocity data by thermistor chain and an Acoustic 

Doppler Current Profiler (ADCP), respectively.  Both temperature and current 

velocity records revealed a number of signals of second baroclinic mode (mode-2) 

internal solitary wave (ISW), which are seldom observed in nature. Typically, the 

mode-2 ISWs show the upward/downward displacement of isotherms in the 

upper/lower water column, respectively. Accordingly, the displacement of isotherms 

induced by mode-2 ISWs are 33±4 m and 28±4 m in the upper and lower water 

column, respectively. The characteristic time scale is about 18 minutes as well as the 

maximum displacement of isotherms is ~80 m. The westward propagating mode-2 

ISWs emerge generally during the neap tide period. In summer, mode-2 ISWs could 

have phase-locked with the diurnal tide about 24 hours. In winter, mode-2 ISWs 

emerge randomly but frequently. The seasonal difference could be associated with the 

vertical stratification. The thermocline is deeper in winter. Therefore, the water 

column has one thin layer in middle with temperature varied and two thick layers 

having near uniform temperature above and below it, respectively. This thermal 

structure is approximate to a hyperbolic tangent profile, which allows theoretically 

that a mode-2 ISW propagates along the thermocline with permanent form (Benjamin, 

1967 and Davis and Acrivos, 1967, etc). Yang (2007, personal communication) 

derives a mode-2 ISW analytical solution based on the 3-layer ocean. The solution 

infers that a high possibility of existence of mode-2 ISWs as long as the middle layer 

is thin. Therefore, the generation of mode-2 ISW in winter may correlate with the 

deeper thermocline. Nonetheless, the generating mechanism of mode-2 ISW in 

summer is different, future studies are needed. 
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摘要 

 

一組分別掛載溫度計串和都普勒流剖儀並施放於北南海陸坡區的錨錠，由

其溫度和流速資料發現了為數不少的第二斜壓模之內孤立波。這種形態的內孤立

波在自然界中很少被觀測到，一般而言，第二斜壓模之內孤立波會造成等溫面在

上部(下部)水層往上(下)的位移。經分析，在上部和下部水層相對應的等溫面位

移分別是 33±4 m和 28±4 m。特徵時間尺度大約是 18 分鐘而其最大振幅可達 80

公尺。波大多往西傳遞且經常在小潮的時候出現。在夏天，第二斜壓模之內孤立

波的出現與全日潮有著相位上的一致，約 24 小時。在冬天，第二斜壓模之內孤

立波則是隨機且經常性地出現。這種季節上的差異性可能和垂直分層的變化有

關。分析冬夏兩季分層的情況可以發現，斜溫層在冬天時比較深。因此，可視為

有一層溫度變化的薄層位於上下兩層溫度均的水層之間。這種密度垂直結構近似

於雙曲正切函數，理論上可以求得一個在斜溫層傳遞且形狀不變的第二斜壓模之

內孤立波的解析解 (Benjamin, 1967 和 Davis and Acrivos, 1967, 等人)。楊(2007)

利用三層海洋推導出第二斜壓模之內孤立波的解析解，其結果推論只要中間層為

薄層的時候，第二斜壓模之內孤立波就有比較高的機率存在。因此，冬天時第二

斜壓模之內孤立波的生成可能與斜溫層比較深有關。然而，夏天時第二斜壓模之

內孤立波的生成機制是不相同的，未來仍需要進一步的研究。 

關鍵字：內波，孤立波，第二斜壓模，南海。 
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I.   Introduction 

 

Internal Solitary Waves (ISWs) are observed in many of the world’s marginal 

seas, straits, fjords, and coastal waters (Fu & Holt, 1982). ISWs are usually evolved 

from internal tides propagating shoreward or passing a suddenly changed topography. 

ISWs can propagate for long distance without changing their shape because The 

nonlinearity balances the dispersion effect. Most of their vertical structures are 

corresponding to the first baroclinic mode (hereafter referred to as mode-1 ISWs) 

(Osborne and Burch, 1980; Fu & Holt, 1982; Ostrovsky and Stepanyants, 1989).  

The second or higher baroclinic mode internal solitary wave (hereafter referred 

to as mode-2 ISW) is seldom observed in nature. Theoretically, the vertical structures 

of mode-2 ISWs for the vertical and horizontal velocity have one and two nodal 

points, respectively. The vertical velocities are opposite above and below the nodal 

point. Typically, the mode-2 ISWs will induce the upward/downward displacement of 

isotherms in the upper/lower water column, respectively. The horizontal velocity in 

between the two nodal points has the same direction as the phase velocity of the wave 

but has reverse direction with it in above and below the nodal points. Due to the lack 

of field observations, this phenomenon was first realized in laboratory experiments. 

Davis & Acrivos (1967) first generated mode-2 ISWs in a water tank with an initial 

condition as a shallow fluid layer with density varied lying above or below a deep 

layer with constant density. After intruding some mixed fluid into the layer with 

density varied, a mode-2 ISW or a ‘double-hump’ like wave is produced (Davis & 

Acivos, 1967; Stamp & Jacka, 1995; Sutherland, 2002). Such waves can propagate 

along the layer with density varied for a long distance.  

 Benjamin (1967) obtained a weakly nonlinear analytic solution for the small 

but finite amplitude mode-2 ISW from an invicid stream function equation (Long, 
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1953) by assuming a density variation with hyperbolic tangent profile. The solution 

shows a solitary wave propagating along a thin layer with density varied in an 

unbounded fluid. Above the middle depth a mode-1 elevation wave is obtained and 

below the middle depth another depression wave is formed (Benjamin, 1967). The 

resulting wave has a symmetric ‘bulge’ form about the middle depth and it is the 

so-called mode-2 ISW analytic solution. However, his solution only applied to the 

situation with a symmetric density variation about some depth (Tung et al., 1980).  

To extend the analytic solution which is only for small but finite amplitude wave, 

Davis & Acivos (1967) used the numerical method to examine the solution for 

arbitrary amplitude waves. They categorized those mode-2 ISWs into “small” 

amplitude mode-2 ISWs and “large” amplitude mode-2 ISWs. When the ratio of the 

amplitude of the wave to the thickness of the density varied layer is larger than 1.2, 

the wave will be classified into “large” amplitude. The numerical result showed that 

small amplitude mode-2 ISWs with open streamlines can be well described by weakly 

nonlinear theory. For large amplitude mode-2 ISWs, in the numerical scheme, the 

streamline near the middle depth bifurcates. This closed streamline region is the result 

of the diffusion of the vorticity and the effects of viscosity should not be neglected. 

The analytic solution is invalid (Batchelor, 1956; Davis & Acivos, 1967; Stamp & 

Jacka, 1995).  

Furthermore, studies on generating mechanism of mode-2 ISWs are notable. 

Laboratory experiments and numerical simulations show that when mode-1 ISWs are 

shoaling on the slope and the shelf break, the nonlinearity becomes important, the 

breaking or the shear instability of mode-1 ISWs could cause strong overturning of 

the water column and lead to generate mode-2 ISWs (Helfrich & Melville, 1986).  

Another mechanism is related to an underwater sill. Laboratory and numerical 

simulations also show that mode-2 ISWs could be generated when the incident 
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mode-1 wave collides with the underwater sill (Vlasenko & Hutter, 2001; Vlasenko & 

Alpers, 2005). Baines (1995) showed that the height of the sill and the background 

current could play an important role on the generation of mode-2 ISWs.  

Recently studies indicate that ISWs are active of in northern South China Sea 

(hereafter referred to as SCS) (Yang et al., 2004, etc). Many ISWs have been observed 

and studied. Most of them are mode-1 ISWs. It is believed that the mode-1 ISW is 

primarily generated around Luzon Strait and then propagates to the west. Nonetheless, 

only some mode-2 ISWs had been recorded and reported. Chang (2001) and Yang et 

al. (2004) showed a case of mode-2 wave via a moored observation on the shelf break 

(Fig.1). Yang et al. (2004) suggested that the generation of a mode-2 ISW could arise 

from the barotropic or the mode-1 tidal flow encountering a 3-layer fluid structure 

which has been observed occasionally and redistributing its energy into the second 

baroclinic mode. However, the properties of the wave remain mystery.  

A long term mooring array is deployed from Luzon Strait to the shelf of the 

northern SCS under the support of Taiwan/USA joint research program. In this study, 

a mooring which located on the shelf break is chosen to study the mode-2 ISWs 

because a number of mode-2 ISWs were seen. It provides a chance to examine the 

properties of mode-2 ISWs such as amplitude, propagating directions, etc. In section 

II, field work and observations are introduced. Normal mode methods are used to 

describe the vertical structures of mode-2 ISWs. The characteristic time scale of 

mode-2 ISWs is estimated by K-dV equation. Two segments of observations show the 

differences of appearance between mode-2 ISWs during summer and winter. It is 

found that the thermocline is deeper in winter. Discussions are in section III. For the 

3-layer ocean, a simple theoretical approach is made to discuss the role of the 3-layer 

ocean and its influence on the resulting mode-2 ISW. The quadratic nonlinearity 

coefficient of K-dV equation is taken to demonstrate the influence of the stratification. 
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Conclusions are in section IV.. 
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Fig.1  The mode-2 ISW observed in 1999. The top panel is the contour of eastward 

velocity component (U). The bottom panel is the contour of temperature. (Yang et al, 

2004) 
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II.   Analysis and result 

< A. Field work > 

 

Under the support of Taiwan/USA joint research programs, Variation around 

Northern South China Sea/Windy Island Soliton Experiment (VANS/WISE), a 

mooring array (shown in Fig.2) was deployed from Luzon Strait to the shelf of the 

northern SCS. The data collected at S7, where the water depth is 350m, was chosen 

study the mode-2 ISW. The mooring was deployed and recovered in April 29, 2005 

and June 2, 2006, respectively. 3 times turn-over had been made during this 13 

months. Duration can be divided into 4 segments (see Table I). The mooring in 

Segment I and III is designed by Naval Postgraduate School (NPS) while it in 

Segment II and IV is designed by National Taiwan University (NTU). The diagrams 

of mooring are shown in Fig.3. The latter one has better coverage for the current 

measurement than the former one, but doesn’t have the thermistor chain in the upper 

water column. Since the temperature measurement is easier to recognize the signal of 

mode-2 ISWs than current velocity measurement, only the data collected in Segment I 

and III are used in this study. The NPS mooring has a 300kHz broadband acoustic 

Doppler current profiler (ADCP) mounted at the 100m depth. The ADCP provided 

current information from the depth of 15m to 100m. Its bin length was set to 4m. 

ADCP pinged at 1 second intervals and provided ensemble average every 1 minute. 3 

recording current meters (RCM) was below the ADCP, which were mounted at the 

160m, 220m and 310m depth, respectively. The RCM provided measurements of deep 

current every 5 minutes. From top to bottom, a thermistor chain contained 

temperature pods (T); temperature and pressure sensors (TP); temperature, 

conductivity, and pressure sensors (TCP) were also mounted on the mooring. The 

thermistor chain measured samples every 1 minute (TCP at 2 minutes). Table II 
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shows the started and ended times for the two segments and the summary of each 

instrument.  

For the convenience, data from all instruments are interpolated as 1 minute 

because most instruments provided measurement every 1 minute. It is from 

2005/04/29 04:00 to 2005/7/21 14:24 (GMT) in Segment I and from 2005/11/02 04:41 

to 2006/02/24 08:33 (GMT) in Segment III. The exceptions are the ADCP and two 

RCMs in Segment III, they had stopped before 2006/02/24 due to exhaustion of 

batteries. Data by thermistor chain are used to distinguish signals of mode-2 ISWs. 

ADCP and three RCMs provide the flow information. 

 

< B. Observations: a mode-2 ISW event > 

 

Fig.4 shows the isothermal depth, eastward component velocity (U) and 

temperature (T) at 12 depths for one of the mode-2 ISW event. The uppermost panel 

is the depth contour of isothermals. A number of mode-1 ISWs were observed around 

June 27, 13:00 GMT and June 28, 05:00 GMT. The mode-2 ISW emerged around 

June 27, 23:30 GMT. A red rectangle marked the mode-2 ISW. The wave had a 

bulge-like shape which centered around 100m depth. The wave induced isothermal 

displacement shows an upward displacement above 100m depth and downward 

displacement below 100m depth. The middle panel displays the contour of eastward 

velocity component (U). When a mode-2 ISW passed, a westward surge of U occurred 

between 70m ~ 200m depth. The bottom panel shows the temperature records 

measured by temperature sensors at different depths. The corresponding depth is 

shown at the right of the panel. When the mode-2 ISW emerged, it caused a 

decreasing/increasing temperature fluctuation with amplitude around 3.3℃ in the 

upper water column; an increasing/decreasing temperature fluctuation with amplitude 
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around 2.2℃ in the upper water column.   

 

< C. Normal mode analysis > 

 

Assuming the internal motion is linear, the displacement η  and the horizontal 

and vertical components of velocity (u,v) and w, respectively, can be separated into 

vertical and horizontal components. The separation of variables has the form below: 

)()],,(),,,([),( zFqtyxvtyxuvu nnn
n

n∑=  

∑=
n

nn zWtyxww )(),,(  

∑=
n

nn zWtyx )(),,(ηη                                                 (1) 

where nF  and nW  are the vertical modes of horizontal motion and vertical 

displacement or motion, respectively. nq  is the normalization coefficient for nF , 

and nu , nv , nw , and nη  are the corresponding modal coefficient(or amplitude) 

describing the temporal and horizontal structures. For the internal motion is  

hydrostatic, frictionless and satisfies the Bousinessq approximation, the vertical 

modes of vertical displacement or motion are governed by the Sturm-Liouville 

equation (Gill, 1982): 
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and subject to the rigid-lid boundary conditions. Where nc  is the modal phase speed 

of linear waves, and N  is the buoyancy frequency. The buoyancy frequency is 

defined as follows:  

dz
dgN ρ

ρ0

2 −=                                                       (3) 

where 0ρ  is the reference density, ρ  is the density and g is the gravitational 

coefficient. The vertical modes of horizontal and vertical motions are related by: 
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The choices for normalization are: 
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where H is local water depth (350m). The theoretical vertical structures can be 

calculated by Eqn.(2) and Eqn.(4) based on a buoyancy frequency profile. The 

buoyancy frequency was estimated by a CTD measurement obtained on 21 April 

2005.  

The vertical velocity component, w, is estimated from the temperature 

measurements using temperature conservation equation on the assumption that the 

nonlinear and horizontal advections are negligible. 
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where )(zT h
t  and )(zT h

tt ∆−  are the 5-hour high-pass temperature data,  )(zT b
t  is 

the 36-hour low-pass temperature data, z is the depth where the temperature sensor 

mounted, z∆  is the depth difference between two thermistors, t is the time when the 

mode-2 ISW passed the mooring, and  is 1 minutes. Both vertical profiles are 

taken from the data when a mode-2 ISW passed on June 21, 23:40 GMT, 2005. The 

background current had been subtracted. The background current is defined as the 

average of current which was 30 minutes before the arrival of the wave. 

In Fig.5, the top panel shows )(2 zW  (blue line) and the vertical profile of w(z) 

(black solid circle line) and the bottom panel displays )(2 zF  (blue line) and the 
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vertical profile of u(z) (solid circle line).  )(2 zW  and )(2 zF  are nearly close to the 

vertical profile of w(z) and u(z), respectively.  According to the vertical profile of 

w(z), the nodal point located around 100m ~ 110m depth while )(2 zW  indicated that 

the nodal point was near 100m depth. w is positive above the nodal point and negative 

below. In the vertical profile of u, two nodal points located near the depth of 75m and 

210m, respectively.  )(2 zF  showed the zero crossings around the depth of 50m and 

230m. u in between the two nodal points was westward but was eastward with it in 

above and below the nodal point. The vertical profile of v when the mode-2 ISW 

event passed is not shown here. v is also positive between the two nodal points. 

However, the amplitude of v is much smaller than u. As mentioned above, the 

horizontal velocity in between the two points has the same direction as the phase 

velocity of the wave. It indicated the wave primarily propagated to the west. 

 

< D. The wave-induced isothermal displacement and the characteristic time scale of 

mode-2 ISWs > 

 

When temperature revealed a decreasing/increasing evolution in the upper water 

column and an opposite evolution in the lower water column, a mode-2 ISW event is 

determined. 20 mode-2 ISWs were found during Segment I and 60 mode-2 ISWs 

were observed during Segment III. Each mode-2 ISW event is catalogued as the time 

of arrival, the isothermal displacement and the characteristic time scale. The data 

showed that most mode-2 ISW events had a maximum temperature fluctuation around 

75m and 240m, the result is close to the estimate of normal mode analysis. Thus, the 

isothermal variations at 75m and 240m when a mode-2 ISW passed are used to 

represent the wave-induced isothermal displacement in the upper and lower water 

column, respectively. 
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The wave-induced isothermal displacement is estimated as: 

z
zzTzT

zTt b
t

b
t

h
t

zn

∆
∆−−

≈
)()(

)()(,η                                            (7) 

where h
tT  and b

tT  are the 5-hour high-pass and 36-hour low-pass temperature data, 

respectively. z is the depth where the temperature sensor mounted( here z is 75m and 

240m), z∆  is the depth difference between two thermistors. zz ∆−  is 100m and 

270m. 

According to Lee and Beardsley (1974), Apel et al. (1997) and Apel (2003), the 

modal expansion in the fundamental hydrodynamics equations, neglecting rotational 

effects and energy exchange between modes, and assuming weakly nonlinear 

finite-amplitude plane progressive waves propagating in a specific direction, the 

modal displacement  is governed by the K-dV equation: 
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where nα  is the nonlinearity coefficient,  nβ  is the dispersion coefficient. Both 

coefficients are also called environmental parameters accounting for conditions like 

stratification and water depth. They are given by (Vlasenko et al., 2005): 
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where Q  is the normalization coefficient. If the shallow water approximation holds, 

the wave-induced isothermal displacement can be described by the solution of the 

K-dV equation: 
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where nη  is the wave-induced isothermal displacement, n,0η  is the peak modal 

amplitude of the solitary wave, t is the time, nV  is the nonlinear phase velocity and 

n∆  is the horizontal characteristic length scale. For the mooring observation, the 

wave-induced isothermal displacement is a function of time, Eqn.(12) can be written 

as: 

)(sech *2
,0 ttnbn ++= τηηη                                             (13) 

bη  is the initial depth of the undisturbed isotherm, *t  is the reference time and τ  is 

related to the characteristic time scale. The characteristic time scale, ncT , , is defined 

as twice the time when the displacement drops to 42% of its peak value. It can be 

estimated by: 

)1(2
τ

=cT                                                          (14) 

The isothermal variation at 75m and 240m of all mode-2 ISW events are fitted 

by using Eqn.(13) to estimate the amplitude of wave-induced isothermal displacement 

75,2,0 =zη  and 240,2,0 =zη , respectively. Nonetheless, only the isothermal variation at 75m 

is used to estimate the characteristic time scale 2,cT . Fig.6 is an example. The top 

panel represents the estimated wave-induced isothermal displacement at 75m (black 

solid square line) when a mode-2 ISW passed S7 and the fitted line (red line) by using 

Eqn.(13). The bottom panel shows the result at 240m. The mode-2 ISW passed S7 

around 03:30 GMT, February 06, 2006. 

A threshold of 10m for the amplitude of wave-induced isothermal displacement 

is used. The calculation of the average amplitude will only include the amplitude 

above the threshold. It is similar to estimate the average characteristic time scale if the 
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corresponding amplitude was above the threshold.  

In Segment I, the average amplitudes of the wave-induced isothermal 

displacements are 23±7 m and 30±6 m in the upper and lower water column, 

respectively. The average characteristic time scale is 18±4 minutes. In Segment III, 

the average amplitudes of the wave-induced isothermal displacements are 33±4 m and 

28±4 m in the upper and lower water column, respectively. The average characteristic 

time scale is 14±2 minutes. Table III shows the summary of each mode-2 event in 

Segment I and Segment III, respectively. 

 

< E. The propagating direction of mode-2 ISWs > 

 

The analysis can be made using a RCM which is located at 160m depth. For 

most mode-2 ISWs, nodal points of the horizontal velocity component are located 

above 160m and below, respectively. Thus, the current at the 160m depth is used to 

determine the direction of the wave in this study. When mode-2 ISW passed by the 

mooring, the current at the half time of the wave’s passage is used. The background 

current has been subtracted. The background current is defined as the average of 

current which was 30 minutes before the arrival of the wave. Fig.7 shows the 

histograms of current speed and propagating direction for mode-2 ISWs observed 

during segment I at S7. The upper panel is the rose diagram. The angle histogram 

shows the distributions of current at 160m depth. The different colors are indicated the 

different cases of mode-2 ISW events. The distributions of current are split into 16 

groups from 0 ~ 2π. The azimuth 0o (or 360o) shows the east, 90o is the north, 180o is 

the west and 270o represents the south. The lower panel is the histogram of current 

speed. Each bar shows the wave with that current speed, which is denotes on the 

x-axis. The length of the bar indicates the number of appearance. Fig.8 is similar as 
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Fig.7 but for Segment III. It is apparent from Fig.7 and Fig.8 to see that westward 

propagating mode-2 ISWs were prevailing. Some waves seemed to be reflected wave 

because they propagated to the east. The data also indicates that mode-2 ISWs were 

frequently observed during segment III. It is worthy to note that segment I was during 

summer and segment III was during winter. Thus, mode-2 ISWs emerged more 

frequently in winter than in summer. 

 

< F. Mode-2 ISWs in summer and winter > 

 

In summer, Fig.9 shows depth contours of isotherms on S7. The x-axis denotes 

the time and y-axis denotes the water depth. From top to bottom there are 8 panels. 

Each panel represents one day (June 24 ~ July 04, 2005) from 00:00 to 24:00. In the 

left part of each panel is the date. The black rectangle indicates the mode-2 ISW. 

According to previous observations (Ramp et al., 2004), mode-1 ISW packets 

emerged twice each day in this mooring site. It also indicated two mode-1 ISW 

packets passed S7 each day. Both mode-1 ISW packets arrived S7 about 1 hour later 

each day. It infers that the M2 tide could be dominant to generating those waves. It is 

interesting that the mode-2 ISW (shown in the black rectangle) appeared regularly and 

seemed phase-locked to the diurnal tide about 24 hours. The emergence of mode-2 

ISW was once every day around 23:30 GMT from June 24 to June 27, except one 

mode-2 ISW event appeared around June 24, 00:00 GMT. After June 29, the mode-1 

ISW seemed to be disappeared. However, two mode-2 ISW events appeared around 

July 1, 16:00 GMT and July 4, 23:00 GMT. It could be inferred that the emergence of 

mode-2 ISW seemed to be once each day. It suggests that mode-2 ISWs could be 

related by the diurnal tide. 

 Fig.10 is similar as Fig.9 but for winter. From top to bottom there are 13 panels. 
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Each panel represents one day (December 19 ~ 31, 2005) from 00:00 to 24:00. In the 

left part of each panel is the date and the number in parenthesis means the date on the 

lunar calendar. The black rectangle indicates the mode-2 ISW. The contour of 

temperature shows a different condition in winter. No apparent mode-1 ISWs 

appeared regularly except several short-wavelength elevation mode-1 ISW-like waves 

emerged behind the mode-2 ISW. More than 20 mode-2 ISW emerged in 13 days. The 

most remarkable feature is that mode-2 ISWs appeared randomly but frequently. 

Some mode-2 ISWs revealed as a series of 2 or 3 waves. The random appearance 

indicates the waves could be generated locally. To summarize briefly the observations 

of mode-2 ISW in summer and winter, most mode-2 ISW appeared during the neap 

tide period but their appearance has seasonal difference. 

 

< G. The Difference of the stratification between summer and winter > 

 

In order to study the difference of mode-2 ISWs between summer and winter, 

the variation of the buoyancy frequency is chosen to demonstrate the difference of 

stratification as mode-2 ISWs appeared. It can be estimated by the temperature time 

series data and using Equ.(3). The vertical profile of ρ  is estimated by the 

temperature data provided by thermistor chain and assuming the salinity = 35.00 psu.  

For summer, Fig.11A shows contours of the buoyancy frequency. The x-axis 

denotes the time and y-axis denotes the water depth. The colorbar indicates that the 

large N2 is colored in green to red. The large buoyancy frequency can be considered 

the thermocline (or the pycnocline). If the water is uniform, the buoyancy frequency 

will be small and the color will be close to blue. From top to bottom there are 6 panels. 

Each panel represents one day (June 24 ~ 29, 2005) from 00:00 to 24:00. Fig.11B is 

similar as Fig.11A but for winter. From top to there are also 6 panels. Each panel 
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represents one day (December 20 ~ 25, 2005) from 00:00 to 24:00. In Fig.11A, the 

thermocline located around 80m ~ 100m depth. In Fig.11B, the thermocline was 

deeper, especially on the second and third panel, it presents that the thermocline 

located near 200m depth. It is apparent to see that the stratification is different 

between summer and winter. The thermocline is deeper in winter. As the thermocline 

was deep, mode-2 ISWs emerged more frequently while mode-1 ISWs were vague. It 

infers that a deeper thermocline could be favorable for the generation of mode-2 ISW. 

Further discuss will be in next section. 
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Fig.2  Locator map showing the position of the mooring array of VANS/WISE. 
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Fig.3   The design of the mooring S7. 
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TABLE I 

THE DURATION OF EACH SEGMENT OF THE MOORING S7 

 

  Segment I Segment II Segment III Segment IV 

Start 2005/04/29 2005/07/28 2005/11/02 2006/02/24 

End 2005/07/28 2005/11/01 2006/02/24 2006/06/02 

 

 

TABLE II 

THE SUMMARY OF THE MOORING S7 
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Fig.4  One of the mode-2 ISW event which was passing by S7 during 2005/6/27 10:00 ~ 

2005 6/28 10:00 GMT. From top to bottom: the first panel is the depth contour of isotherms; 

the second panel is the contour of eastward velocity component (U); the third panel is the time 

series of temperature.  
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Fig.5  The top panel shows )(2 zW  (blue line) and the vertical profile of w (black 

solid circle line) while the bottom panel displays )(2 zF  (blue line) and the vertical 

profile of u (solid circle line). Both vertical profiles are taken from the data when a 

mode-2 ISW passed on June 21, 23:40 GMT, 2005. The background current had been 

subtracted. 
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FITTED CURVE:  )(sech *2
,0 ttnbn ++= τηηη , )1(2

τ
=cT  

 

Fig.6  The top panel represents the estimated wave-induced isothermal displacement 

at 75m (black solid square line) when a mode-2 ISW passed S7 and the fitted curve 

(red line) by using Eqn.(13). The bottom panel shows the result at 240m. The mode-2 

ISW passed S7 around 03:30 GMT, February 06, 2006. 
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TABLE III 

THE TOTAL CASES OF MODE-2 ISWS OBSERVED AT S7  

DURING SEGMENT I AND SEGMENT III 

 

  

 

 

   

 

  

Segment I 
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Segment III 
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Fig.7  The histograms of current speed and propagating direction for mode-2 ISWs 

observed during segment I at S7. The upper panel is the rose diagram. The different 

colors are indicated the different cases of mode-2 ISW events. The distributions of 
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current are split into 16 groups from 0 ~ 2π. The azimuth 0o (or 360o) shows the east, 

90o is the north, 180o is the west and 270o represents the south. The lower panel is the 

histogram of current speed. Each bar shows the wave with that current speed, which is 

denotes on the x-axis. The length of the bar indicates the number of appearance. 
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Fig.8  The histograms of current speed and propagating direction for mode-2 ISWs 

observed during segment III at S7. The upper panel is the rose diagram. The different 

colors are indicated the different cases of mode-2 ISW events. The distributions of 
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current are split into 16 groups from 0 ~ 2π. The azimuth 0o (or 360o) shows the east, 

90o is the north, 180o is the west and 270o represents the south. The lower panel is the 

histogram of current speed. Each bar shows the wave with that current speed, which is 

denotes on the x-axis. The length of the bar indicates the number of appearance. 

 

 

 

 

 

 

 

 

 

 

 

 



 

38 
 

 

 

 

 

 

6/24  

6/25  

6/26  

6/27  

6/28  

6/29  

6/30 

7/01 

Fig.9   Depth contours of isotherms from 00:00 GMT, June 22, 2005 to 00:00 GMT, 
June 30, 2005. From top to bottom there are 8 panels and each panel represents 1 day. In 
the left part of each panel is the date. The black rectangle indicates the mode-2 ISW. 
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Fig.10   Depth contours of isotherms from 00:00 GMT, December 19, 2005 to 00:00 

GMT, December 31, 2005. From top to bottom there are 13 panels and each panel 

represents 1 day. In the left part of each panel is the date. The black rectangle 

indicates the mode-2 ISW
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A. Summer 

 
B. Winter 

Fig.11  A: Contours of the buoyancy frequency from 00:00 GMT, Jume 24, 2005 to 

00:00 GMT, June 30, 2005. From top to bottom there are 6 panels and each panel 

represent 1 day. B: Contours of the buoyancy frequency from 00:00 GMT, December 

20, 2005 to 00:00 GMT, December 26, 2005. From top to bottom there are 6 panels 

and each panel represent 1 day. 
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III.    Discussion 

 

< A. 3-layer ocean > 

 

A simple 3-layer ocean (Fig.12) is used to demonstrate the role of the 3-layer 

ocean and its influence on the resulting mode-2 ISW (Yang, 2007, personal 

communication). Each layer has its individual density, the vertical structure of vertical 

velocity W(z) can be expressed by Eqn.(2).
 
In the 3-layer ocean with a solid bottom, 

using the rigid lid approximation, it assumes there is a vertical velocity at the interface. 

The degree of freedom of the 3- layer ocean is 2. Thus, a mode-2 solution can be 

obtained by letting the vertical velocity at the two interfaces be different signs. As 

mentioned in chapter II, the modal displacement ηn  is governed by the KdV equation 

(Eqn.(8))  

In the mode-1 condition, if c1 > 0 which indicates a solitary wave propagating 

to the positive x-axis, it can conclude that the sign of η1 and α1 are the same. When α1 

> 0, η1 > 0 which is an elevation solitary wave. When α1 < 0, η1 < 0 which is a 

depression solitary wave. In addition, in the mode-2 condition, when α2 > 0, it will be 

η2 > 0 above the nodal point of the vertical velocity and η2 < 0 below the nodal point. 

The shape of the wave is the same as the one observed in the northern SCS (appendix). 

α2 is also the function of the thickness of each layer in the 3-layer ocean. Fig.13 

shows the region of α2 > 0 and α2 < 0 when the density difference is the same between 

each layer in the 3-layer ocean. The x axis represents the percentage of the thickness 

of the upper layer h1 of the total water depth (H=h1+h2+h3). The y axis represents the 

percentage of the thickness of the intermediate layer h2 of the total water depth 

(H=h1+h2+h3). The result infers a high possibility that a mode-2 ISW could also exist 

in case the thickness of the intermediate layer is less than 50% of water depth. It is 

also coincident with many laboratory experiments whose initial condition is a thin 

layer in middle. Detailed derivations are in appendix. 

Nevertheless, it is difficult to make a pure 3-layer environment in laboratory. 

The fluid will diffuse and cause leakage. This diffusive process may smooth the 

density variation. Accordingly, the intermediate layer would become density varied. 

The stratification is approximate to that with a deep thermocline in winter. From 

Fig.9B, mode-2 ISWs appeared frequently in winter, the estimated thickness of the 
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thermocline (or pycnocline) in winter is about 100m. It is about 29% to the total water 

depth and agrees with the predictions of the 3-layer ocean.  

 

< B. “Concave type” mode-2 ISW > 

 

Another analytic solution of the 3-layer ocean predicts another type of mode-2 

ISW. When α2 < 0, it will be η2 < 0 above the nodal point of the vertical velocity and 

η2 > 0 below the nodal point. According to the shape of the wave, it was preliminary 

called “concave type” mode-2 ISW (Yang, 2007, personal communication). In order 

to divide mode-2 ISW which was commonly seen in SCS, the common type of 

mode-2 ISW is termed “usual” mode-2 ISW. “Concave type” mode-2 ISW is not yet 

confirmed by theories and experiments. In Fig.12, “concave type” mode-2 ISW 

occurs in the region of α2 < 0. The result suggests that a “concave type” mode-2 ISW 

could exist in case the thickness of the middle layer is more than 50% of water depth. 

However, the stratification with a thick layer in middle is seldom in the ocean. 

Therefore, “concave type” mode-2 ISW could be in existence under very unique 

stratification. The illustration is shown in Fig.14. 

Total of 80 usual mode-2 ISW events were observed. However, only 6 cases 

were suspected to “concave type” mode-2 ISW. The number is too few to verify its 

existence in the ocean. Future study is required. 

 

< C. The influence of the stratification > 

 

In the 3-layer ocean, the nonlinearity coefficient of the K-dV equation α2 is 

controlled by the thickness of each layer and could be used to determine the shape of 

the resulting mode-2 ISW. Accordingly, the sign of the nonlinearity coefficient could 

be regarded as an index of the shape of the solitary wave in that environment. In the 

observations, similar approach could be made by examining α2 with stratification in 

summer and winter, respectively. For the continuously stratified fluid, the variation of 

α2 can be estimated using Eqn.(9) and Eqn.(11). Where  and  is estimated 

by Eqn.(2) and use the buoyancy frequency which is mentioned on section G in 

chapter II.  

However, mode-1 ISWs became vague while mode-2 ISWs appeared frequently 
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in winter. It is interesting to examine the nonlinearity coefficient for mode-1 ISWs α1 

to figure out why mode-1 ISWs disappeared. Thus, α1 is also calculated by the same 

method as estimating α2. 

Fig.15A and Fig.15B shows comparison between the variations of the 

nonlinearity coefficients of the first two modes in summer and winter, respectively. 

Fig.15A is for summer. From top to bottom, the first panel is the depth contour of 

isotherms, the second panel is the contour of buoyancy frequency, and the third panel 

displays the variation of α1 (red line) and α1 (blue line), respectively. Each panel 

represents the same day, which is from 00:00 GMT, June 27 to 00:00 GMT, June 28. 

Fig.15B is similar as Fig.14A but for winter. From top to bottom, the first panel is the 

depth contour of isotherms, the second panel is the contour of buoyancy frequency, 

and the third panel displays the variation of α1 (red line) and α1 (blue line), 

respectively. Each panel represents the same day, which is from 00:00 GMT, 

December 21 to 00:00 GMT, December 22. Black rectangle indicates the mode-2 

ISW. 

In Fig.15A, the result shows that α1 was always negative in summer, which 

agreed with the observations, depression mode-1 ISWs emerged twice each day in this 

mooring site. In addition, α2 was often negative, too. It indicated that “concave type” 

mode-2 ISW might be dominant. However, no “concave type” mode-2 ISW was 

verified. According to observations, “usual” mode-2 ISWs were primary features in 

this period. Therefore, the stratification in summer could be unsuitable for the 

generation of “concave type” mode-2 ISW. As mentioned above, “usual” mode-2 

ISWs could be related by the diurnal tide.  

In Fig.15B, it indicated that α2 was always positive while α1 was close to zero in 

winter. From Eqn.(9), the explanation for α1 was nearly zero is that the phase speed c1 

could be nearly zero. It infers that there is no mode-1 ISW. Observations had also 

showed that mode-1 ISWs were vague. On the contrary, the positive α2 corresponded 

to observations. “Usual” Mode-2 ISWs emerged frequently. The inference is that: as 

the thermocline became deep, the stratification or the so-called waveguide could be 

favorable for “usual” mode-2 ISWs but against mode-1 ISWs. Accordingly, those 

“usual” mode-2 ISWs could be locally generated under the stratification with a deep 

thermocline. 
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< D. Mode-2 ISW on satellite image > 

 

 Fig.16 is a MODIS image which was inside the sunlight area at 03:20 ~ 03:25 

GMT, May 21, 2001. It is clear to see that there were signals revealing ISW packets 

with dark front lines and that a bright front line (Fig.16, red ellipse) was between two 

dark front lines. The signals with dark front lines are supposed to be depression 

mode-1 ISWs because the water is still deep in the northern area of Dong-Sha (Yang 

et al., 2004, Ramp et al., 2004). On the other hand, the bright front line could be 

considered a mode-1 elevation ISW. However, the elevation mode-1 ISW will not be 

generated if the water is deep. In theoretical considerations, the shape of the upper 

part of a mode-2 ISW is the same as an elevation mode-1 ISW. Accordingly, the bright 

front line could be a mode-2 ISW. 
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Fig.12   From left to right is the illustration of a 3-layer ocean, the distribution of 

density, and the distribution of BruntVaisalla frequency. 

 

 
Fig.13   The region of α2> 0 and α2< 0 when ∆ρ1=∆ρ2 (δ=1). The x axis represents 

the percentage of the thickness of the upper layer h1 of the total water depth 

(H=h1+h2+h3). The y axis represents the percentage of the thickness of the 

intermediate layer h2 of the total water depth (H=h1+h2+h3). 

 

 
Fig.14   From left to right is the illustration of the mode-2 ISW (usual) and “concave 

type” mode-2 ISW. 
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Fig.15   The comparison between the variations of the nonlinearity coefficient of the 

first two modes in summer and winter, respectively. A: From top to bottom, the first 

panel is the depth contour of isotherms, the second panel is the contour of buoyancy 

frequency, and the third panel displays the variation of α1 (red line) and α1 (blue line), 

respectively. Each panel represents the same day, which is from 00:00 GMT, June 27 

to 00:00 GMT, June 28. B: From top to bottom, the first panel is the depth contour of 

isotherms, the second panel is the contour of buoyancy frequency, and the third panel 

displays the variation of α1 (red line) and α1 (blue line), respectively. Each panel 

represents the same day, which is from 00:00 GMT, December 21 to 00:00 GMT, 

December 22. Black rectangle indicates the mode-2 ISW. 
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Fig.16  Satellite image (MODIS) captured a signal of mode-2 ISW (red ellipse) near 

Dong-Sha. (By courtesy of Yang) 
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IV.   Conclusions 

 

Using mooring observation of northern SCS, data collected by thermistor chain 

and an ADCP revealed a number of signals of mode-2 ISW. Typically, the mode-2 

ISWs show the upward/downward displacement of isotherms in the upper/lower water 

column, respectively. According to previous studies, the modal displacement  can 

be governed by the K-dV equation. The displacement of isotherms and the 

characteristic time scale can be fitted by a square of the hyperbolic secant function. 

Accordingly, the displacement of isotherms induced by mode-2 ISWs are 33±4 m and 

28±4 m in the upper and lower water column, respectively. The characteristic time 

scale is about 18 minutes as well as the maximum displacement of isotherms is ~80 m. 

The propagating direction of mode-2 ISWs is also studied. The westward propagating 

mode-2 ISW is prevailing and most mode-2 ISWs emerge during the neap tide period. 

In summer, mode-2 ISWs could have phase-locked with the diurnal tide about 24 

hours. In winter, mode-2 ISWs emerge randomly but frequently. The seasonal 

difference could be associated with the vertical stratification variations. The buoyancy 

frequency in summer and winter show the thermocline is deep in winter. The analytic 

solution in the 3-layer ocean infers that a mode-2 ISW could exist in case the 

thickness of the intermediate layer is less than 50% of water depth. It is approximate 

to the stratification with a deep thermocline in winter. In addition, the sign of the 

nonlinearity coefficient of the K-dV equation αn could be regarded as an index of the 

shape of the solitary wave in that environment. When α1 > 0, η1 > 0 which is an 

elevation solitary wave. When α1 < 0, η1 < 0 which is a depression solitary wave. In 

addition, in the mode-2 condition, when α2 > 0, it will be η2 > 0 above the nodal point 

of the vertical velocity and η2 < 0 below the nodal point. The shape of the wave is the 

same as the one observed in the northern SCS. The nonlinearity coefficient for the 

second mode is always positive in winter as the thermocline is deep. However, the 

nonlinearity coefficient for the first mode is close to zero, which means there could be 

no mode-1 ISWs. The result agrees with observations, mode-2 ISWs emerged 

frequently but mode-1 ISWs were vague. It is implicated that when the thermocline is 

deep, it is a waveguide which is favorable for the generation of mode-2 ISW but 

against mode-1 ISWs. Mode-2 ISWs could be generated locally in winter. However, 

the generating mechanism of mode-2 ISW is different in summer. It could be 
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associated with the diurnal tide. Future study is needed. 

The primarily research limitation is that: the data is only form a single mooring. 

The phase speed of a mode-2 ISW cannot be estimated. The number of mounted 

thermistors could be not enough. If the resolution of data in vertically would be better 

as increasing the number of mounted thermistors, signals of other small amplitude 

mode-2 ISWs or “concave type” mode-2 ISW could be revealed more explicitly. 

Statistical result and the difference of mode-2 ISWs between summer and winter 

could be more precise and apparent. 
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Appendix 

 

< The nonlinearity coefficient of the K-dV equation> 
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ηn is the modal displacement, cn is the linear phase speed of the wave, αn is the 

nonlinearity coefficient, βn is the dispersion coefficient. They are given by Eqn.(9), 

Eqn.(10), Eqn.(11). 

For a mode-1 ISW in a 2-layer system, assuming η1 is the solution of (A), (A) can be 

written as: 
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If the sign of η1 and α1 are different, the solution of (A) would be η*. (A) can be 

written as: 
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It can conclude that η*= -η1. Thus, in mode-1 condition, for α1>0, the 

displacement of the solitary wave, η1 > 0 (h1>h2), which is an elevation mode-1 ISW. 

For α1<0 (h1<h2), the displacement of the solitary wave,η1 < 0, which is a depression 

mode-1 ISW. Accordingly, in a 3-layer system, the degree of freedom of the internal 

motion is 2. In the mode-2 condition, when α2 > 0, it will be η2 > 0 above the nodal 

point of the vertical velocity and η2 < 0 below the nodal point. The other condition is 

When α2 < 0, it will be η2 < 0 above the nodal point of the vertical velocity and η2 > 0 

below the nodal point.  

 

< 3-layer ocean > 

  

Assuming the ocean is a 3-layer fluid, the density of the upper layer is ρ0-∆ρ1, 

the density of intermediate layer is ρ0, the density of the bottom layer is ρ0+∆ρ2, using 
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rigid lid approximation (Fig.12), and define the buoyancy frequency N: 
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The analytic solution can be derived by Eqn.(2) via boundary conditions: as follows: 

(a) When 21321 hhzhhh −−<≤−−− , ρ(z)=ρ0+∆ρ2, which is a constant. It 

concludes that N(z) = 0. (1)  

(b) When z= -h1-h2, assuming a perturbation with the vertical velocity W4 at the 

interface, it has W(-h1-h2)=W4.  

(c) When 121 hzhh −<<−− , ρ(z)=ρ0, which is a constant. It concludes that N(z) 

= 0.         

(e) When z=-h1, assuming a perturbation with the vertical velocity W3 at the 

interface, it has W(-h1)=W3.              

(f) When 01 ≤<− zh , ρ(z)=ρ0-∆ρ1, which is a constant. It concludes that N(z) = 

0.  

The vertical structure of the vertical velocity can be written as: 
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The vertical structure of the horizontal velocity )(zU can be derived by 
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In order to derive the linear phase speed c, first, integrate Eqn.(2) from z = -h1 

− ∆z/2 to z = -h1+ ∆z/2 and using (D-1), (D-5). Then, Integrate Eqn.(2) from z = -h1 

− ∆z/2 to z = -h1+ ∆z/2 and using (D-2), (D-5), It has: 
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It can see that (58) has two roots. It means that there are two linear phase speed. 

For convenience, one is named c1, the other is named c2. And define: δ=∆ρ2/∆ρ1. It 

has: 
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For a right propagating wave, c1 and c2 must > 0. And from (D-8) and (D-9), c1 

> c2. c1 can be regarded as the phase speed of the motion of mode-1 and c2 can be 

regarded as the phase speed of the motion of mode-2.  

For mode-2 case, W3 and W4 have the following relation: 
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(D-11) can be written as: 

324 WW γ−=                                                      (D-12) 

In general case, c2 has the smaller value. So the first term on the right hand side in 

(D-11) will be larger. It concludes that γ2 > 0 and the sign of W4 and W3 will be 

different. The solution of the motion of mode-2 can be derived from (D-4), (D-6) and 

by (D-12), it gets that: 
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The nodal point of W(z) is located at: 

2

2
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The solution of (D-13), (D-14) are shown in Fig.17, which agree with the numerical 

solution. 

For mode-2 case, α2 can be derived Eqn.(9): 

 

From Eqn.(9) , it has: 
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Fig.13 shows the region of α2 > 0 and α2 < 0 when ∆ρ1 = ∆ρ2 (δ = 1). The x axis 

represents the percentage of the thickness of the upper layer h1 of the total water depth 

(H=h1+h2+h3). The y axis represents the percentage of the thickness of the 

intermediate layer h2 of the total water depth (H=h1+h2+h3).  
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Fig.17   From left to right is the vertical structure of the vertical velocity and the 

vertical structure of the horizontal velocity for the motion of mode-2 in a 3-layer 

ocean. 
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